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Energy-localized n-orbitals are obtained for twenty-one cata- and peri-condensed hydrocarbons
in the Hiickel approximation. Coefficients for the localized orbitals are given. Four different orbital
types are found to occur. Rules are given relating the localized orbitals to Pauling bond orders and
an interpretation of the theoretical resonance energy is offered.

Energielokalisierte n-Elektronenorbitale fiir 21 kata- und perikondensierte Kohlenwasserstoffe
werden im Rahmen der Hiickelschen Niaherung angegeben. Es zeigt sich, daB vier verschiedene
Arten von ihnen auftreten und daB sich Regeln fiir ihre Bezichung zu den Paulingschen Bindungs-
ordnungen finden lassen. Die lokalisierte Formulierung erlaubt eine einleuchtende Interpretation der
theoretischen Resonanzenergie.

Obtention d’orbitales de Hiickel = localisées selon le critére d’énergie pour 21 hydrocarbures cata-et
peri-condensés. Donnée des coefficients des orbitales localisées. On trouve quatre types d’orbitales.
On donne des régles reliant les orbitales localisées aux indices de liaison de Pauling et une interpréta-
tion de 'énergie de résonance théorique est proposée.

Introduction

In this research we discuss the localization of orbitals which describe electrons
that are usually considered as delocalized in the molecular orbital theory, namely,
n-electronsin conjugated aromatichydrocarbons. The g-orbitals are left unchanged.
To obtain results for many systems, two simplifications are used: the Hiickel-
Wheland approximation for the n-orbitals (which includes the effect of neighbour
overlap in the definition of the orbitals), and the Mulliken approximation for
the electron repulsion integrals needed for localization (which incorporates the
effect of the neighbour overlap into the localization) [1]. Inasmuch as both of
these approximations have provided useful results in the past, we believe our
results are significant.

The first section contains the theory and describes the computational method
employed. In the second part all localized orbitals for twenty-one cata- and peri-
condensed hydrocarbons are tabulated. These are found to give rise to orbitals
resembling one of four prototypes, and each is found to extend over at least
three centers. In the last two parts we give rules which relate the Pauling bond
orders of each molecule to its localized representation and report a novel inter-
pretation of aromatic stability.

* Work performed in the Ames Laboratory of the U.S. Atomic Energy Commision, Contribution
No. 2924.
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1. Theory
Canonical MO’s

We are presently interested in whether or not it is sensible to undertake a
localization of electrons which traditionally have been considered as delocalized
in the MO theory. To pursue this we need not employ orbitals from some of the
refined MO approximations, but any set of orbitals which represents the essential
features of the n-electron problem will suffice. Therefore, the LCAO-MO theory
on which the present calculations are based is the n-electron theory with neglect
of overlap between non-neigbours. The n-electronic MO’s are given by

N
¢, = Z CriXps Y]
P=1

where yp(P=1,2,... N) is the 2pn atomic orbital on atom P. Since we consider
only hydrocarbons, these AO’s are all identical, and since we consider all neighbour
atoms equidistant (1.4 A), the value of a certain integral for a neighbour pair is
the same for all neighbour pairs. Thus, the overlap matrix of the AO’s is

S=I+SM )

and the matrix of the effective one-electron Hamiltonian with respect to the
AO’sis

H=ol+ M. 3)
Here, S,a,f are the overlap, coulomb and resonance integral, respectively,
whereas I is the unit matrix and the “topological” matrix M is defined by

L, if P and Q are neighbours,
M =
o {O, otherwise. @
The coefficients Cp; of the i™ MO (1) are found to be
Cpi=Cpi/(1 +Sm)'/2, ®)

where m; is an eigenvalue and {C},} (P =1, 2, ... N) the corresponding normalized
eigenvector of the matrix M. There are N eigenvectors and hence N MO’s (1),
where N is the number of atoms as apparent from (1). In virtue of Egs. (2)—(4),
the orbital energies for these MQ’s are

g=<{9;|H|®;> =0+ ym/(l +Sm), (6)
where
y=a—BS~—2eV (7

is the resonance integral. The overlap integral, S, is taken to be equal 0.25.

Furthermore, we are interested only in closed-shell systems [2], so that the
occupied MO’s of the ground state are those {®,} (i=1, 2, ... N/2) which associate
to the N/2 lowest eigenvalues of M.
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Localization Criterion

Energy localized molecular orbitals (LMO’s) are those which maximize [3, 4]

N/2
D=} [9:9:|9,9] ®
i=1
against prthogonal transformations among the closed-shell MO’s, where
[flgl= [ dVidV, f(1)g(2)/r, . ©
Two other equivalent definitions are that LMO’s are orbitals which minimize
N/2
C=3 YI[9%|%5] (10)
i=1 j
or !
N/2
X'=3 Y(999,0] (11
i=1

against the same transformations [4], where the primed summation indicates that
the j =i terms are omitted.

The Edmiston-Ruedenberg algorithm requires knowledge of all two-electron
molecular repulsion integrals in some MO basis [4,5]. Following an earlier
suggestion [6], these are presently calculated using the Mulliken approximation [ 7].
In virtue of (5), the MO basis (1) is particularly convenient, giving

[8,9;|D,P]=1/4(0;+06,)(0x+0) Y IngCriCpiCotCoy> (12)
P,Q
where
o, =14+8m; (@(=1,2...N/2) 13)
are the N/2 lowest eigenvalues of §, and

IPQ =[xpxpl XQXQ] (14)

is an atomic two-center coulomb repulsion integral.
It may be of interest to note that, under the assumption of the Mulliken
approximation, molecular coulomb integrals can be written

[2,9,|9;8;,]1=1/4 PZ %qi(P)q" (Q)pg (15)
where the
qi(P) =2Cp; I:CPi +8 Z CQi:I (16)
Q

sum to Mulliken’s gross atomic populations [8]. Alternatively, the same integrals
can be written
[6,5;|2;8]=1/4 Yy r(POFRS)[xp+25l1z+ 1], a7

neighbour
bonds

where
r(PQ) = (T¢ Cp;+ T3 Cg;) + 4SCp,Cy; (18)
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sum to the cellular bond populations of Platt, Scherr, and Ruedenberg [9], and

{1, if P is not a joint atom
P =

19
(2/3)'/2, if P is a joint atom. 1)

Because of the assumptions employed in the previous sections, we need
formulae only for the two-center overlap and coulomb repulsion integrals. The
Hamiltonian (3) does not concern us here since we determine the MO’s from
Eq. (5). Formulae for the integrals were given earlier by one of us [10], and in
keeping with the conclusions from that work the orbital exponents of the 2pn
atomic orbitals are chosen as

{(2pm) =1.6178932 a.u. (20)

Choice of Starting Orbitals

It is not unreasonable to expect that the sets of LM O’s for the cata- and peri-
condensed hydrocarbons considered will in some way be related to classical
Kekulé structures [11]. Therefore, we constructed several sets of orbitals in the
closed-shell MO space corresponding to appropriate Kekulé structures, and
begun localization with each of these sets.

These Kekulé-type MO’s were prepared as follows. Let

K=Y Apyp (v=1,2,...N/2) (21)
P

be a normalized orbital, extending only over two centers of a double bond, so

that Ap, is non-zero for two values of P only, corresponding to two neighbour

atoms. Let, further, the K, be that set of two-center orbitals corresponding to all

double bonds in one Kekulé structure. In general, these orbitals do not lie in

the function space spanned by the occupied MO’s of Eq. (1) and we, therefore,

form the projections K, of the K, in the space of the occupied MO’s

N2

sz Z B,;®;, (22)

where =t
N/2

A 1/2
B,;=<{K,|®)=0; Z CPiAPv/[ z <6i Z CPiAPv> 2
P P

i=1

(23)

The MO’s of Eq. (23) are those within the space of the occupied MO’s which
are closest to the two-center MO’s of Eq. (21). However, they are not orthogonal
to one another. Therefore, we finally form a set of mutually orthonormal orbitals
K,v=1,2,...,N/2) from the K, by symmetric orthogonalization [12]. They
differ from the K, least in the mean squares sense defined by Carlson and Keller [13]
and are given by

N/2
K,= Y (47'*,K,. 24
p=1

A1 is constructed as

N/2
(A _I/Z)uv = Zl Tua Tva/()'a)llz H (25)
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where T and 4 are obtained from the eigenvalue problem

N/2
Z Auv Tva = }'a Tua (26)
v=1
for the overlap matrix
Auv = <Ku|Kv> = Z Bntii . (27)

The orbitals defined by Eq. (24) therefore fulfill the following three conditions:
1. They lie in the space of the occupied MO’s.
2. They are mutually orthonormal.
3. They are as close as possible to two-center MO’s.
We call them “Kekulé-type occupied MO’s.”
As an example, the two-center orbitals (K,) and the Kekulé-type occupied
MO’s (K,) corresponding to two resonance hybrids of naphthalene,

and ,

are shown in Table 1. These are referred to as I and II, respectively, and the
numbering of the atoms is given in Fig. 1. It is interesting that, when neighbour

Table 1. The orbitals K, and K, in naphthalene

AO Casel K,s Case I, K,’s
1 2 3 4 5 1 2 3 4 5
1 0.6332 0 0 0 0 0.6332 0 0 0 0
2 0.6332 0 0 0 0 0.6332 0 0 0 0
3 0 0.6332 0 0 0 0 0.6332 0 0 0
4 0 0.6332 0 0 0 0 0.6332 0 0 0
5 0 0 0.6332 0 0 0 0 0.6332 0 0
6 0 0 0.6332 0 0 0 0 0.6332 0
7 0 0 0 0.6332 0 0 0 0 0.6332 0
8 0 0 0 0.6332 0 0 0 0 0 0.6332
9 0 0 0 0 0.6332 0 0 0 0 0.6332
10 0 0 0 0 0.6332 0 0 0.6332 0 0.
Case I, K,’s Case I, K,’s
1 2 3 4 5 1 2 3 4 5

0.5710 -0.1727 0.1630 -0.0473 -0.0012 0.5737 -0.1669 0.0548 0.1383 -0.0748
0.5694 0.1736 -0.1431 -0.0349 -0.0589 0.5706 0.1645 -0.0893 -0.1118 0.0799
0.1736  0.5694 —0.1431 -0.0589 -0.0349 0.1645 0.5706 -0.1118 -0.0893 0.0799
-0.1727 05710 0.1630 -0.0012 -0.0473 -0.1669 0.5737 0.1383 00548 -0.0748
-0.1399 0.1619 0.5185 -0.1399 0.1619 -0.0989 0.1448 0.5249 0.1745 -0.1540
0.1619 -0.1399 0.5185 0.1619 -0.1399 0.1448 -0.0989 0.1745 0.5249 —0.1540
-0.0473 -0.0012 0.1630 0.5710 -0.1727 -0.1133 0.0658 -0.1871 05363 0.2117
-0.0349 —-0.0589 -0.1431 0.5694 0.1736 -0.0811 0.0812 -0.1608 02121 0.5436
-0.0589 -0.0349 -0.1431 0.1736 0.5694 0.0812 -0.0811 02121 -0.1608 0.5436
-0.0012 -0.0473 0.1630 -0.1727 0.5710 0.0658 -0.1133 0.5363 -0.1871 0.2117
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Fig. 1. Numbering of atoms and basis functions
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overlap is included, the orthogonal molecular orbitals in the closed-shell Hiickel
space which differ least from Kekulé orbitals in a mean squares sense extend
appreciably over more than two centers. This was found to be true for all molecules
considered.

2. Localized =-Orbitals

General Results

The systems studied are given in Fig. 1. The same figure also contains the
numbering of the atoms.

As indicated in the previous section, several localization processes were
carried out for a given molecule, each one starting from a different set of Kekulé-
type occupied MO’s. It was initially thought that each of these might iterate to
a different set of LMO’s and, in that case, each of these sets of LMO’s would
have corresponded to a different Kekulé structure. However, this did not turn
out to be the case. In all molecules considered, the same LMO structure was
obtained from the localization process, regardless which set of Kekulé-type
occupied MO’s was used as starting functions.

In fact, all LMO’s in all molecules are basically related to one of four types,
called wi2, n12', nl3, nl4 respectively. These are illustrated in Fig. 2. However, in
many cases intermediate types (e.g. 7/23) are also found.

Specific Results

The resulting LMO’s for the molecules of Fig. 1 are listed in Table 2 by their
expansions in terms of atomic n-orbitals. The heading for each LMO indicates
the type as defined in Fig. 2. These results are illustrated in Figs.3,4,and5. For

Fig. 2. Prototype localized n-orbitals
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Fig. 5. Kekulé- and non-Kekulé-type localized MO structures in peri-condensed hydrocarbons

each molecule, each LMO is represented by a contour which, in fact, would be
the fifth strongest contour in a complete contour diagram such as given in Fig. 2.
More complete pictorial representations will be given elsewhere [14].

In symmetric molecules, there is often a symmetry operation under which
the LMOQO’s are equivalent, e.g. a g, reflection in anthracene, but this is also
frequently not the case, e.g. 1,2,3,4-dibenzanthracene. The ways in which the
LMO’s align around the fused rings may be useful for the discussion of some of
the properties of these molecules.

3. Localized Structures and Pauling Bond Orders
Kekulé-Type Localized Structures

A molecule which contains only LMO’s of types nl2 and n/2’ will be said to
have a Kekulé-type localized MO structure, since each of the LMO’s appears to
describe a “double bond”. All molecules on Fig. 3 and some on Fig. 5 are of this
type.

Relation to Pauling Bond Orders

Is it possible to predict which molecules will have Kekulé-type LMO structures
— and, if so, is it furthermore possible to predict the localization of the LMO’s?
Both questions can indeed be answered with the help of Pauling bond orders [15].
14*
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Fig. 6. Pauling bond orders. The numbers given are 100- P(1, J)

According to Platt, Ham, and Ruedenberg [9], the latter can be calculated from
the canonical MO’s of Eq. (1) by "

P D)= }, CCyaifm;. (28)
i=1

The answer to the second question follows: If a molecule has a Kekulé-type
LMO structure, then the LMO’s fall on that set of non-neighbouring bonds
By, B,, ... By, for which the sum of the Pauling bond orders, )’ P(B;) is maximal.

This set must correspond to one of the possible Kekulé structures. E.g., in Fig. 6a
the bond orders define the Kekulé-type LMO structure.

oo

Using this result, the first question can now be answered. A molecule does
not have a Kekulé-type LMO structure if:

1. Its Pauling bond orders do not uniquely define a specific Kekulé structure
in the manner described above. E.g., in Fig. 6b the bond orders define either of
two equivalent Kekulé structures

Q20 - T2

and non-Kekulé-type orbitals are found on the center ring.

2. One, and only one, of the single bond bond orders in a given ring within the
structure is larger than that of a nearest neighbour double bond in the same ring.
This is exemplified by benzpyrene where, in virtue of Fig. 6¢c and the predicted
Kekulé-type localized structure P ‘ O

4

non-Kekulé orbitals occur on the upper left ring.
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Table 3. Localized orbital structures for cata- and peri-condensed hydrocarbons

Kekulé type Non-Kekulé type

Localized structures Localized structures
Naphthalene Azulene (1,2)
Triphenylene Anthracene @)
Phenanthrene Naphthacene 3)
1,2,3,4-dibenzanthracene . Pentacene (1,3)
Benzphenanthrene 1,2,5,6-dibenzanthracene (1)
Benzanthracene 1,2,7,8-dibenzanthracene (1)
Chrysene Pyrene 1,2)
Picene Benzpyrene 2
Pentaphene Anthanthrene 2)
Perylene

Benzoperylene

Coronene

3. There are double bond bond orders in the structure which are less than or
equal to 0.2. An example is provided by Fig. 6d, where the bond orders define the

Kekulé structure
94900

and non-Kekulé orbitals obtain on both middle rings.

Each of the molecules presently studied can be analyzed this way and, hence,
statements one thru three are criteria for the occurence of localized Kekulé-type
structures using Pauling bond orders. Table 3 contains a list of Kekulé-type and
non-Kekulé-type molecules. The parenthetical numbers accompanying -the non-
Kekulé-type localized structures refer to the criteria which apply, and two
numbers are quoted when either of two criteria are satisfied. However, no cases
were found where more than one criterion was needed to obtain a single non-
Kekulé localized structure.

Localized Orbitals and Cellular Bond Populations

The cellular bond populations of Eq. (18) were also examined to see if they
could be used as criteria in a manner similar to the Pauling bond orders. It was
found, however, that these populations sometimes did not clearly support any
Kekulé-type structure and, furthermore, they were similarly distributed in
molecules where the localized orbitals were not.

4. Origin of Aromatic Stability

It is well known that for systems such as the ones discussed here, the sum
of the occupied canonical orbital energies satisfies the inequality

N/2
2 Y g— Ne(ethylene) <0, (29)
e

1
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where the ¢; are defined by Eq. (6) and
g(ethylene) = a +0.80 y (30)

is the m-orbital energy in ethylene. The inequality (29) is considered to have an
intrinsic relation to the stability of aromatic systems, and the left-hand-side is
called the theoretical resonance energy. In terms of the canonical MO’s the reason
Jor (29) is by no means obvious, as some of the g; are more negative than ¢ (ethylene),
and others are less negative than ¢ (ethylene).

Since the trace of the Hamiltonian matrix is invariant against orthogonal
transformations, we have

Ye=Yn (1)
if the #; are the orbital energies of the LMO’s, and hence

Theoretical Resonance Energy = Y 2[#, — e(ethylene)] . (32)

Table 4. Values of orbital energies (y ~ —2eV)

Ethylene e=a+0.807

nl2 a+090y<ny<a+0987y
nl3 a+092y<n<a+1.087y
nl4 a+1.08y<n<a+1.12y
2 a+108y<y<a+112y
Canonical MO’s a+020y<e<a+1.607y

Eq. (32) is of interest because of the numerical values given in Table4 for the
orbital energies of the LMO’s. From the fact that each LMO is lower in energy
than ethylene, it is readily seen that the resonance energy must be negative. The
reason for the low orbital energies of the LMO’s can be perceived by comparing
the shapes of the localized 7 orbitals with that of the ethylene 7 orbital. All of
the former have a positive lobe which extends over at least three atoms. In
contrast, the ethylene orbital is strictly limited to two atoms. Thus, the ethylene
7 orbital is considerably more localized than even the maximally localized orbitals
occurring in the aromatic systems. This, then, is the origin of the theoretical
resonance energy: the additional stabilization that is found in aromatic conjugated
systems arises from the fact that even the maximally localized n orbitals are still
more delocalized than the ethylene orbital. The localized description permits us
therefore to be more precise than the canonical description and suggests that
resonance stabilization in aromatic molecules be ascribed to a “local delocalization”
of each localized orbital.

Acknowledgements. The authors grateful acknowledge Kenneth Sundberg for plotting the localized
r-orbital contours.
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